
JUNE 1964 TECHNICAL NOTES 1145

Anisentropic Gas Flow

C N KAUL*
Indian Institute of Technology, Kharagpur, India

For one-dimensional plane, cylindrical, or spheri-
cal-symmetric anisentropic gas flow, relations
between the rates of propagation of constant pres-
sure, density, and temperature are established

1 Introduction

A DECAYING shock leaves behind an anisentropic gas
flow, i e, one in which the specific entropy, though re-

maining constant for a particular fluid particle, varies from
particle to particle The anisentropic flow of a perfect
polytropic gas, devoid of viscosity and heat conductivity,
and depending upon one space coordinate r, the distance
measured from a fixed center, and upon time t, is governed
by the following equations1:

temperature is propagated with respect to the gas, as

- l)pP[Ur +

Pt + P u + pu + (o-pu/r) = 0

p(ut + uu ) + p = 0

St + uS = 0
p = exp(s — sQ/Cp)p'Y

(1)
(2)

(3)

(4)
where the various symbols have their usual meaning The
constant a = 0,1,2 for the plane, cylindrical, or spherical-
symmetric case Suffixes in the preceding equations and
in sequel denote partial differentiation

2 Rates of Propagation of Constant Pressui e and Density

Equation (3), in conjunction with (1) and (4), reduces to

P(pt + up ) + yp[pu + (vpu/r)] = 0 (5)

In the r, t plane, the slope of isobars shall be given by

(dr/dt)p= oust = -(Pt/Pr)
which, with (2) and (5), yields

(dr/d«)p-oont = u + ( y p / p ) [ u + (vu/r)]
If

[u + (en*/r)] (6)
then Rp, so defined, represents the rate at which constant
pressure is propagated with respect to the gas In a similar
manner Rp, the rate at which constant density is propagated
with respect to the gas, can be evaluated with the help of
Eq (l)tobe

] (7)

(8)

RP = (p/p)[u
From (6) and (7) we have

Rpp /RpP = yp/p = c2

where c is the local speed of sound For an isentropic flow
p = c2p , and then from (8), Rp = Rp as it should From
(8) it follows that for a polytropic gas the local speed of sound
is the geometric mean of the ratios RP/RP and p / p

3 Rate of Propagation of Absolute Temperature

For a perfect gas, p = pRT, where T is the absolute tem-
perature and R the gas constant Accordingly, the slope of
the isothermals in the r,t plane shall be given by

(dx\ = JPPt - Ptp\
\dt / r=onst \pp - PP )dt /r=

This, with (1) and (5), yields RT, the rate at which absolute
Received December 27, 1963
* Department of Mathematics

RT ==

(PP ~ PP )

Equations (6-8) then give

(7 - D/ET = y/RP - l/fip

(9)

(10)
a result first obtained by Ludford and Martin,2 for the case
cr = 0, from the formulation of plane (cr = 0) one-dimensional
anisentropic gas flow as given by Martin 3 From (10), we
have the result that for a plane, cylindrical, or spherical-
symmetric anisentropic gas flow, the rate at which the ab-
solute temperature is propagated with respect to the gas is
a weighted harmonic mean of the rates at which density and
pressure are propagated with respect to the gas
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Modification of Weierstrass-Erdmann
Corner Conditions in Space Navigations

R N BHAT CACHARYA* AND M BHATTACHARJEE|
Jadarpur University, Calcutta, India

Mayer's problem is of wide application in the
optimization studies of space trajectories One
of the two corner conditions due to Erdmann
and Weierstrass gives the continuity of the partial
derivatives of the Lagiange function with respect
to such time derivatives of the space coordinates as
are discontinuous at the corner If some of the
space coordinates themselves are discontinuous
there, then the partial derivatives of the Lagrange
function, with respect to the time derivatives of
the corresponding coordinates, must vanish on
either side of the cornei, in addition to being con-
tinuous This has been investigated and estab-
lished in the following note A nontrivial applica-
tion of this modified corner condition is under
pieparation and may be published soon

1 Introduction

MAYER'S problem in the calculus of variations provides
an important tool for the determination of optimal

trajectories of space vehicles An abstract theoretical
formulation of the problem is given by Bliss l Lawden2

has given a simplified formulation of the problem which is
more suitable for the application to space dynamics Weier-
strass-Erdmann corner conditions are derived from the con-
cept of a corner as a point of discontinuity of the time deriva-
tives of the space coordinates of the rocket The space co-
ordinates themselves are treated as continuous at the corners
The essential requirement of the continuity of a dynamical
trajectory involves the idea of continuity of its cartesian space
coordinates But if we use polar coordinates, or other forms
of the generalized coordinates, we get discontinuities of space
coordinates such as the vectorial angle 6 without violating
the essential requirement of the continuity of the trajectory
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itself This calls for a modification of Weierstrass-Erdmann
corner conditions to take account of the fact that some of
the space coordinates also may be discontinuous at the
corners along with the discontinuity of the time derivatives
of such coordinates This modification is the purpose of the
present note

2 Mayer's Problem

Let a system of m ordinary differential equations of the
first order be given by

<Pt(xt,&,t) = 0
(j = 1,2, m; i = 1,2, n\ m < ri) (1)

with p equations of constraints
WWi,x«,a*i) = 0 (fc = 1,2, p < 2n + 2) (2)

Now

describing a certain mechanical system Here Xi(t)(i =
12 ri) are the coordinates of the system These n un-
known functions #,•(£) satisfy Eqs (1) over a range of values
of t in the interval tQ < t < ti, and the values taken by these
functions at the terminal points of this interval are denoted by

Xi(to) = XiQ xfa) = xu (3)
If J = J(tQ,ti,xa,Xii), it is required to choose the functions

Xi subject to the constraints (1) and (2) so that / is mini-
mized Set

F = \J<PJ (4)
with the usual summation convention, where X/(£) are La-
grange multipliers Again let

r
J to

r°Jti
Fdt (5)

where H = J -{- vk\l/k and *Vs are constant Lagrange multi-
pliers Thus, the problem of minimizing J reduces to the
problem of minimizing I, since F = \l/k = 0 by Eqs (1) and
(2)

3 Variation of /

In this section, we shall calculate the variation of the func-
tional I for any virtual change in the path of integration
between tQ and ti with probable change of the terminal points
to, ti themselves We assume the existence of a single corner
t*mto<t< ti, where some or all of the coordinates #»• and
their time derivatives £* may be discontinuous The prob-
able discontinuity of some or all of the coordinates Xi is a new
element in this note

The previous assumption splits the interval to < t < ti into
two subintervals, t0 < t < t* and t* < t < t\, in which Xi and
Xi are continuous We denote by Xi~(t), \j~(t) and Xi+(t),
\j+(t) the values of these functions in the two subintervals,
respectively

In the calculation of variation, it should be noted that at
an ordinary point, i e , any point other than tQ, ti,t*} the vari-
ations are due to virtual changes in the coordinates Xi and
ti without any change in t itself These variations would
be the same as if the integration were taken along a neigh-
boring path rather than the actual one We shall indicate
this variation by d so that

ti (6)
vy*</t \JAri

But at the points to, ti, and t* there will be another kind of
variation consisting of two parts, one part being due to the
virtual variation of xt and Xi and indicated by d as in the
forementioned, and the other part being due to a change in
t and the consequent changes in Xi and Xi The total change
will be denoted by A, so that

Therefore,

A7 = A# + A P* F-dt + A f * F+dt (8)
J to J t*

A (*'* F-dt = 5 f * \rvrdt + (Xr?/
J to J to

/
t* \j 5<pj
0

5<pj dt

Since the other parts of the variation vanish for <p,- = 0 at
to and t*j therefore (integrating the second integral by parts),

/
t* pt*

F-dt = I \,-&<f>rdt =
o J to

t* [\ dp,- , d /O(PJ\"\
X,-- ̂ r- + Xy- T. ̂  Io L d^i" ^ V&Et / J

PTrx - d^' \- d<^'I L^y ^— — A,- —— —Jto L ^-~ ^-~

Similarly for

and, using relation (7),

A F+dt

, A
= —— 5tQ + —— Axi0

Ot0 OXio

.
XiQ

* . JL— SXii + [^7 + ̂
til \<>ti dXii

Therefore,

A7

j -7 ;- — i
dt \()Xi~/ J

x

(9)
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In this context, it is necessary to mention that corners
were defined as a point of discontinuity of the time deriva-
tives of the space coordinates, but the space coordinates
themselves were supposed to be continuous there Thus,
Troitskii3 used the relations,

But in this paper we deal with the different assumption that
has been explained in the foregoing So, in view of the dis-
continuity of some or all of the space coordinates at the
corner, we use the following relations :

x,-(t*) * xs
+(t*) Az.-(**) ^ Ax +(**)

We note here that Az*^*) are independent for i = 1, n
and also that 5t*, (2n — p) of the variations oxiQ and dxn and
2(n — ra) of the variations dx*± are independent There-
fore, it is possible to select p Vk$ and 2m A,- ̂ s such that the
coefficients of the remaining dxiQ and 8xn and dx^ in Eq
(9) may be zero Thus, in Eq (9), the coefficients of all the
variations dt*, dx^, dxn,
as though they were all independent
following equations from (9) :

+

bH

Axi^(t*) must vanish
Hence, we get the

= 0 (10)
+ (dffAtea) in = 0 (11)

- x^} [1*1=° °r S - (Do - ° (12)
\J V-'i I ^ \JJ~J._^ = 0 or ——

_j_ U^3 dt

= 0 (13)

= 0

or .dt = 0

rn-H = 0>Xi+ Jt*

or

V

[ _ dF
dxi-

= 0 or =°

(14)

(15)

(16)

Equations (10-14) are the governing equations of the system
and are the same here as in Ref 2 Equations (15) and (16)
are the corner conditions The condition in (15) means that
Xi(dF/dxi) is continuous across the corner This is identical
with the corresponding condition as stated in Ref 2, namely,
that F — Xi(dF/dxi) is continuous at the corner (F = 0
everywhere)

Equation (16) means that dF/dx; is continuous through
the value zero at the corner The classical corner condition
as stated in Ref 2 gives only the continuity of dF/dxt at
the corner, but it does not give the vanishing of this partial
derivative on either side of the corner This modification of
the corner condition is due to the discontinuity of Xi at the
corner and is available only for such space coordinates Xi as
are discontinuous there For other space coordinates, only
the classical condition of continuity is available, provided
their time deiivatives are discontinuous A nontrivial
application of this modified corner condition is under prepara-
tion and may be published soon
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Additional Modes of Instability for
Poiseuille Flow over Flexible Walls

F D HAINS*
Boeing Scientific Research Laboratories, Seattle, Wash

THE modification of Tollmein-Schlichting waves by flexible
walls was presented by Hains and Price1 for two-dimen-

sional Poiseuille flow The possibility of the appearance of
other modes of instability was examined by Brooke-Benja-
min2 Using the asymptotic theory, Landahl3 computed
stability diagrams for the Blasius profile This note will
compare the stability curves of Refs 1 and 3 and present
additional eigenvalues for Poiseuille flow which lead to
instability

The stability diagram (Fig 1) shows the modification of
Tollmein-Schlichting waves with wall flexibility The sta-
bility curves close and the region of instabil ty becomes pro-
gressively smaller as the flexibility increases until complete
stability results In agreement with the trends given in Ref
2, Landahl3 found that wall flexibility displaced the stability
curve for Tollmein-Schlichting waves to lower wave numbers
a and slightly higher Reynolds number R No mention is
made of the closing and shrinking of the stability curves

These divergent results are probably due to how the wall
properties are nondimensionalized The no-slip condition
at the flexible surface leads to the relation

which reduces to the condition for a rigid wall when £ = 0
Depending on the free parameter chosen in R, £ is given by
one of the four relations in Table 1 The wall is a membrane
stretched with tension T and has a damping coefficient D
The nondimensional forms of these quantities are K$ and
K?} respectively, given in Table 1 The fluid density is
p, and the viscosity is /x For Poiseuille flow, Um is the
maximum velocity, and L is the channel half-width For
the Blasius profile, Um is the freestream velocity, and L is the
boundary-layer thickness

Hains and Price chose £/«> as the free parameter, whereas
Landahl chose /x Apparently, the latter choice was made in
order to obtain a boundary condition that is independent of R
The exact boundary condition given by Eq (1) is independent
of R if p is chosen as the free parameter An approximation
to Eq (1) was used in Ref 3 by employing the inviscid equa-

Fig 1 Stability diagiams for the Tollmein-Schlichting
mode foi Poiseuille flow with walls with increased flexibil-
ity Wall damping, mass, and elastic foundation neg-
lected R changed by variation of t/ooonly (from Ref 1)
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